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We study the effects of gravitational back-reaction in models of Quintessence. The effective energy- 
momentum tensor with which cosmological fluctuations back-react on the background metric will in 
some cases lead to a termination of the phase of acceleration. The fluctuations we make use of are 
the perturbations in our present Universe. Their amplitude is normalized by recent measurements 
of anisotropies in the cosmic microwave background, their slope is taken to be either scale- invariant, 
or characterized by a slightly blue tilt. In the latter case, we find that the back-reaction effect of 
fluctuations whose present wavelength is smaller than the Hubble radius but which are stretched 
beyond the Hubble radius by the accelerated expansion during the era of Quintessence domination 
can become large. Since the back-reaction effects of these modes oppose the acceleration, back- 
reaction will lead to a truncation of the period of Quintessence domination. This result impacts on 
the recent discussions of the potential incompatibility between string theory and Quintessence. 



I. INTRODUCTION 

Evidence is increasing that the Universe is spatially 
flat and, at the present time, accelerating. The best ev- 
idence for a spatially flat Universe comes from the loca- 
tion of the acoustic peaks of the spectrum of cosmic mi- 
crowave anisotropies (see e.g. ]l| for a recent discussion). 
Since dynamical mass determinations from observations 
of large-scale structure are converging [y] to a mass den- 
sity far short of the critical density, the density required 
for a spatially flat Universe, the difference must be due to 
either a remnant small cosmological constant, or a new 
form of matter which is not clustered gravitationally on 
the scale of galaxy clusters, and has been given various 
names, including dark energy and quintessence, the name 
we will adopt (see e.g. [||jl] for original papers and |5J for 
a recent review and detailed references). This conclu- 
sion is supported by the recent supernova observations 
which yield Hubble diagrams which directly support the 
evidence that the Universe is, at the present time, accel- 
erating [^,0. Hence, Quintessence must have an equation 
of state p < — (l/3)/5, p and p denoting the pressure and 
the energy density, respectively. 

Most models of Quintessence proposed involve a new 
scalar field Q which is taken to be homogeneous in space, 
and via its kinetic and potential energy contributions to 
the energy-momentum tensor T^^, tuned to provide an 
equation of state leading to accelerated expansion, be- 
ginning to dominate the matter content of the Universe 
today. In many such models, acceleration will continue 
forever. 

It can easily be seen that in such models there is an 



event horizon for every observer. As has recently been 
pointed out |g,^, this leads to a potential incompatibil- 
ity between models of Quintessence and string theory. 
It has been argued (see e.g. |1^ and references therein) 
that in the presence of de Sitter horizons, string theory 
cannot be defined since physical observables cannot be 
expressed in terms of the S-matrix of string theory. As 
is obvious P,P[, the problem immediately carries over to 
models of Quintessence postulated which today and, in 
many models, in all future, dominates the matter content 
of the Universe (this conclusion can be avoided in certain 
models with an exponential potential along "tracker" so- 
lutions (nljill). 

By adding more new fields, it is possible to solve 
(see e.g. |l3[-[15|) this problem by constructing models 
in which the period of Quintessence is terminated in a 
way which is analogous to the termination of the period 
of inflation in hybrid inflation pM models. In this letter, 
we point out that gravitational back-reaction of cosmo- 
logical fluctuations provides a mechanism which, in some 
models, will lead to a termination of the phase of accel- 
eration, without the need to add new physics. 



II. METHOD AND QUALITATIVE 
CONSIDERATIONS 

The idea of gravitational back-reaction of cosmological 
fluctuations is simple. In the presence of the fluctuations 
of the space-time metric and of matter, the cosmological 
background evolves differently compared to its evolution 
in the absence of perturbations p^,p^. This effect is 



due to the nonlinearities of the Einstein field equations. 
The effect can be characterized in terms of an effective 
energy-momentum tensor t^^, with which the fluctuations 
back-react on the background metric. 

In this paper, we wiU focus on the back-reaction effect 
of infrared modes (modes with wavelength larger than 
the Hubble radius H~^{t), where H{t) is the Hubble ex- 
pansion rate) on the evolution of a Universe dominated 
by a Quintessence field. In a separate paper, we will an- 
alyze the back- reaction effect by ultraviolet modes [|9[ . 

In models with accelerated expansion, the phase space 
of infrared modes grows since the Hubble radius is de- 
creasing in comoving coordinates, as is the case in infla- 
tionary cosmology. Hence, we expect the back-reaction 
effect of infrared modes to grow. In the following we will 
show that in models with a sufficiently blue spectrum 
of primordial fiuctuations, the back-reaction terms will 
eventually dominate the field equations for the effective 
background. Since the equation of state corresponding to 
Tij opposes acceleration, back-reaction effects cannot be 
neglected and are expected to terminate the accelerated 
expansion, or, in other words, to screen the effects of the 
background Quintessence field. 

We first give a brief review of gravitational backreac- 
tion of a general scalar matter field ip and then apply it 
to the period of Quintessence domination. 

The basic idea of gravitational backreaction (see e.g. 
^0| for a review) is to expand the Einstein equations to 
second order in the perturbations, to assume that the first 
order terms satisfy the equations of motion for linearized 
cosmological perturbations (see e.g. [^ for a comprehen- 
sive review) , to take the spatial average of the remaining 
terms, and to regard the resulting equations as equations 
for a new homogeneous metric g^J ^ which includes the 
effect of the perturbations to quadratic order: 
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where the effective energy-momentum tensor r^jy of grav- 
itational back-reaction contains the terms resulting from 
spatial averaging of the second order metric and matter 
perturbations: 
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where pointed brackets stand for spatial averaging, and 
the superscripts indicate the order in perturbations. 

In longitudinal gauge the perturbed metric can be writ- 
ten in the form 



Tfiu — f,ii^,v — giiu 
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(4) 



In this case, the spatial off-diagonal terms in T^^ vanish. 
By expanding the Einstein tensor and the above 
energy-momentum tensor to second order in the metric 
and matter fluctuations $ and 5(p, respectively, it can be 
shown that the non- vanishing components of the effective 
back-reaction energy-momentum tensor t^i, become 
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All terms are quadratic in the fluctuations. The two- 
point functions in the pointed brackets can be viewed 
classically as spatial averages or quantum mechanically 
as equal-time two-point functions. 

We will now apply these equations to Quintessence 
models and thus replace iphy Q. Since we are interested 
in the back-reaction effect of infrared modes, we can drop 
all terms involving spatial gradients. We will focus at- 
tention on Quintessence models for which the slow-rolling 
approximation is valid. In this case, the background sat- 
isfies 
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ds^ = (1 + 2^)dt^ - a(i)^(l - 2$)5,ydxMa;^ 
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where V{Q) is the potential for Quintessence field, and a 
' denotes the derivative with respect to Q. In this case, 
the expressions for r^j, become 



where a{t) is the cosmological scale factor. Provided 
there are no linear contributions to the spatial off- 
diagonal terms in the matter energy-momentum tensor, 
the above metric contains the full information about 
scalar metric fluctuations. The energy-momentum tensor 
for a scalar field is 
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Making use of the slow roll approximation for the 
Quintessence field Q, the linear perturbation equations 
have the following solution for ^k on scales larger than 
the Hubble radius |21|: 
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where Ak is an integration constant. By taking deriva- 
tives of (|ll| ) and using the background equation (0) ob- 
tained in the slow-rolling approximation,we can easily 
find 
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The linearized Einstein constraint equations yield 

^2 



4:TTQ 



mil (y" v 



V 



27r V V' 



V 

'V' 



$*. 



(13) 



from which the time derivative (JQ^, can easily be ex- 
pressed in terms of $fc, making use once again of the 
background equations in the slow-rolling approximation. 
Inserting Eqs.(|l^)-(|l|) into Eqs. (|) and (|), we ob- 
tain: 
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Each two-point function can be evaluated as an inte- 
gral over the Fourier modes (we assume a flat universe 
for simplicty) of the linear fluctuation variables. We use 
the following convention for the Fourier expansion of a 
function U(x,t) (e.g., $, SQ): 
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The energy density and pressure of the background for 
Quintessence during the slow-roll period is 



so we have: 
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When this ratio becomes of order unity, the back- reaction 
effects begin to dominate. Hence, in the following we will 
focus on calculating this ratio. 

The crucial quantity to evaluate is the expectation 
value < $2 (i) > ii obtains contributions from all Fourier 
modes of $: 
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where ki = aiHi and kt = a{t)H{t) are infrared and ul- 
traviolet cutoffs respectively. The infrared cutoff is given 
by length scale above which there are no fluctuations. 
This is in turn determined by the cosmological model. 
If our Universe results from a period of inflation, then 
ki is given by the comoving wave number corresponding 
to the Hubble radius at the beginning of inflation. The 
ultraviolet cutoff is a more tricky issue. We will return 
to a discussion of this point in iQ. For the moment, let 
us remark that the phase space of ultraviolet modes in- 
creases more slowly in an accelerating Universe than the 
phase space of infrared modes. 

There are two reasonable choices for the ultraviolet 
cutoff: either at constant physical or at constant co- 
moving wavenumber k. The flrst prescription is more 
physical. In an exponentially expanding background, 
the resulting phase space of ultraviolet modes is con- 
stant, whereas the phase space of infrared modes grows 
rapidly as the wavelengths of modes are stretched ex- 
ponentially to become larger than the Hubble radius. 



For quintessence models with p > —p, the uhraviolet 
phase space does grow slowly, but as long as the equa- 
tion of state of quintessence does not differ too much 
from p — —p, the growth of the infrared phase space will 
exceed the growth of the ultraviolet phase space. The 
problem with this first way of setting the ultraviolet cut- 
off is that it requires the continuous creation of modes 
at the ultraviolet cutoff frequency, and this is hard to 
reconcile with unitarity. This problem is avoided if the 
ultraviolet cutoff is set at constant comoving wavenum- 
ber. In this case, the phase space of ultraviolet modes 
always decreases in an accelerating background cosmol- 
ogy because the Hubble radius is decreasing in comoving 
coordinates. 

We conclude that, once the ultraviolet cutoff is set at 
some time (e.g. the present time to), the ultraviolet terms 
will be well-controlled in all future. In the following, in 
evaluating the strength of back-reaction at time t, we 
will restrict our attention to the effect of infrared modes, 
and hence we will only consider the contribution to ( p^ ) 
of modes with wavenumber smaller than the value kHu\ 
corresponding to the Hubble radius at time t. 



where the subscripts m and Q denote whether the quan- 
tity is evaluated during the epoch of matter domination 
or during Quintessence domination. 

During the matter dominated era, Wm — and ^mk = 
0, so the left hand side of (pQ) is 5<I>mfe/3. During the slow 
roll period of Quintessence domination, we have (from 
Eqs.(|) and (|ir 
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where the subscript "^"P" indicates that the mode is out- 
side the present Hubble radius. In addition, 

(22) 

. Combining Eqs.(y), (|20|), (|2l|) and (|2|), we have 
5 
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III. SPECTRUM OF COSMOLOGICAL 
FLUCTUATIONS 

In this section we will estimate the strength of back- 
reaction for two classes of Quintessence models, assuming 
that the spectrum of cosmological fluctuations is normal- 
ized by the recent observations of CMB anisotropics, and 
that the spectrum is either scale invariant or given by 
a slight tilt. We will find that in the former case back- 
reaction is always small, whereas it can become large and 
end the period of Quintessence domination in the latter 
case. 

To apply the formulas of the previous section we 
need to relate the value of $fc during the period of 
Quintessence domination, from now on denoted by ^Qk^ 
to the corresponding value ^mk at a redshift just before 
the Quintessence begins to dominate, i.e. in the matter- 
dominated phase. For simplicity, we will take this time 
to be the present time to- 

It is convenient to consider separately modes which 
are outside the Hubble radius today, and modes which 
are outside the Hubble radius at the time i > to, but 
inside at the present time. For the former modes we can 
use the conservation |22-24| of the Bardeen parameter 
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to relate the values of <&Qfe(t) and $mfc(to)- Here, w — 
pI p is a measure of the equation of state of the back- 
ground. Thus, 
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e= TT^ I — I < 1, 
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Thus, we have 
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We see that the amplitude of ^k during the period of 
Quintessence domination is suppressed by the slow-roll 
parameter e compared to the corresponding value in the 
matter-dominated era. 

For the modes which are at the present time to inside 
the Hubble radius, but exit the Hubble radius before time 
t, we use the fact that while on scales smaller than the 
Hubble radius the dominant mode of $ scales as 
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(see Eq. (6.54) of |21 
Hubble radius 



while on scales larger than the 
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(see ([1 1[) ) . This allows us to express $Qfc in terms of the 
values of the potential and its derivatives at the times to, 
t//(fc) and t, where t_H'(/e) is the time when the scale k 
crosses the Hubble radius, and is given by a{tH{k))H = 
k. 
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where we have neglected dlnHq — —edlna. 
The slow-roUing approximation gives: 
(29) 



where 
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tif(fe) 



is introduced to accord with the notation of (|ll|). Note 
that since the Quintessence field is a scalar field, we were 
able to use equations for cosmological perturbations de- 
rived for a scalar field-dominated equation of state. 

In the following, we will evaluate the two point func- 
tion dl^ ) for times t^ to, making use of the amplitudes 
of ^Qk derived above. We will consider two potentials 
commonly used for Quintessence. First, we will assume 
that the spectrum of fluctuations at the present time is 
scale- invariant. Later, we will relax this assumption and 
consider blue spectra. 
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Using these relations, the expression (p4) can be simpli- 
fied, yielding 

<ci>|(t)>^Ce2ln^ 
dill I 

8n Vo V^ fQ fV^\ 

The first of the two Quintessence models for which we 
will evaluate the effect of back-reaction is 
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A. Scale Invariant Spectrum 

If the present spectrum of fluctuations is scale- 
invariant, then 



P™(fc)=— |$„,fe|2=C, 



where the constant C can be fixed by the amplitude of 
CMB anisotropics on large angular scales measured by 
COBE M 
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Substituting Eqs.(|ri|), (^), ^, (|l|) and (H) into 
(Eq), we finally arrive at: 
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Replacing the integral over k by the integral over 
a{tH{k)) we obtain 



with B being a constant and a > 1. First, note that 
for this potential, the first term in (113) and (111) domi- 
nates and determines the equation of state of the effective 
energy-momentum tensor of back-reaction. In particular, 
it follows that the equation of state is that of a negative 
cosmological constant, as i n the c ase of the back-reaction 

Thus, we see that the 



(31) in inflationary cosmology |17 
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effects of back-reaction oppose the Quintessence-driven 
acceleration. Inserting (36) into (BSf) yields 
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where Qo = Q{to)- Substituting ( |36| ) into (|17D, we have 

Pbr + iPbr 



Pbg + 'iPbg 



(39) 



1 




<<^l{t)> 



In this model, Qo ~ ?7ip;, and Q increases with time. It 
can be seen from the combination of Eqs. (p^), (pSJ) and 



( P9| ) that the backreaction is very small now and will be 
smaller in the future. Notice that the contribution of 
the first term in (|7|) and (^8|) is generally small in this 
case. For example, if we assume the inflation started at 
GUT scale and e-folding number is 70, In °°^;^° is about 
O(IO^). When Q >> nipi, the first term can be neglected 
compared with the second term in Eqs. ( pT\ ) and (IsF 
The second model is 
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with D and A constants. In this model, e = A^/IGtt ^ I, 
77 — A^/Stt ^ I. It can easily be verified that also for this 
potential the first term on the right hand side of (ph and 
( [l5| ) dominates, and once again leads to an equation of 
state of the effective energy-momentum tensor of back- 
reaction which acts like a negative cosmological constant 
and hence opposes the Quintessence-driven acceleration. 
After some straightforward calculation we have 
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One can see that for a reasonable value of A 
backreaction in this model is very small too. 
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For the first model (pq), we have 
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where T{a, zq, zi) is the generalized incomplete gamma 
function: 
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From Eqs. (El) and (Esh we can see that the back- reaction 
will become important and terminate the acceleration of 
the Universe driven by the background of Quintessence 
when Q becomes enough large, because we approximately 
have 
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For the second model(En) we have 
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B. Blue Perturbation Spectra 

In the above, we assumed that the spectrum for the 
gravitational potential during the matter dominated era 
Pm{k) is exactly scale invariant. However, if the primor- 
dial spectrum has a slight blue tilt, the conclusion will 
change dramatically. Thus, we now assume that 
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with < n < 0.1, the upper bound being set by the 
joint analysis of p^ of the Maxima-1, Boomerang and 
COBE cosmic microwave anisotropy results. The up- 
per bound corresponds to the one sigma statistical error. 
Including the estimate of p^ of the systematic errors 
would increase the bound to n < 0.27. In the above, 
kgoBE — T-baoHg. The constant C is again given by 
(P^). Straightforward calculations yield 
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As argued in the above, the first term is generally small 
(notice n is small which also implies that 7.5" ~ 1). 
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In the first case, the back- 



reaction will terminate the acceleration of the Universe 
when Q ^ 10^" ^Ty/STr rrip/. In the second case, for n > 
277/(2 — 1]) the acceleration will stop when 
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Recall that the slow rolling parameter 77 refers to the 
dynamics of quintessence whereas the index n refers to 
the spectrum of fluctuations produced during inflation. 
Therefore, n and 77 are independent, and our constraint 
n > 2ry/(2 — 77) for back-reaction to be important does 
not represent a severe fine-tuning. 

Note that for 77 < 277/(2 - 77), similar to Eq. (^), the 
backreaction is generally still small unless the difference 
between the parameters n and rj is fine tuned a lot, for 
example, if 
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the contribution coming from the back-reaction will ter- 
minate the accelerating expansion of the Universe in the 
distant future. 



IV. DISCUSSION 

We have demonstrated that the gravitational back- 
reaction of cosmological perturbations can lead to a ter- 
mination of the period of Quintessence domination, in 
the same way it can lead to a termination of a period 
of inflation ||l^,|l3l . In this note we have considered the 
effect of infrared modes, i.e. modes whose wavelength at 
time t (when back-reaction is evaluated) is larger than 
the Hubble radius. 

Specifically, we assume a COBE normalized spec- 
trum of cosmological fluctuations at the present time 
tg. We consider both a scale-invariant spectrum, and 
spectra with slight blue tilts. We study two classes of 
Quintessence potentials, given by (^ and (^). The 
most important contribution to back-reaction comes from 
modes with ko < k < knit), where feg is the wave 
number corresponding to the present Hubble radius, and 
knit) that corresponding to the Hubble radius at time 
t. If the spectrum has a blue tilt, it is the upper limit 
which dominates. We find that for spectra with a suf- 
ficiently large blue tilt, back-reaction will terminate the 
period of Quintessence domination. The effective energy- 
momentum tensor which describes the back-reaction has 
the form of a negative cosmological constant and hence 
opposes the Quintessence-driven acceleration. 

Since the dominant contribution in our analysis comes 
from the largest values of k we consider, it is to be ex- 
pected that the contribution to back-reaction from ul- 
traviolet modes (modes whose wavelength at time t is 
smaller than the Hubble radius), may dominate over the 
effects calculated here. We will return to this issue in p9| . 
The point of our analysis was to show that back-reaction 
cannot be neglected when considering the future of a Uni- 
verse dominated at the present time by Quintessence. 

The wavelength of modes which dominate the contri- 
bution to our effect was smaller than the Hubble radius 
at io- Hence, these modes are subject to the usual non- 
linear growth of cosmological fluctuations in the matter 
dominated phase. This is another effect which has not 



been taken into account here (but will be in |19|). How- 
ever, it is reasonable to expect that nonlinear effects will 
enhance the amplitude of the fluctuations and hence in- 
crease the back-reaction effects. 

Obviously, if the spectrum of fluctuations is so close to 
scale-invariance so that back-reaction only become im- 
portant in the very distant future, then the modes which 
will contribute in this case had a microphysical wave- 
length at the present time, and we are faced with the 
true ultraviolet problem of field theory. 



It has recently been claimed gQ that the presence 
of future horizons in Quintessence models poses a prob- 
lem in trying to reconcile string theory and Quintessence. 
In models where our back-reaction effect becomes im- 
portant, this problem may well disappear (without the 
need to have to introduce extra physics such as addi- 
tional scalar fields). 
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